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Abstract 



We study finite loop models on a lattice wrapped around a cylinder. A section of the cylinder has N 
^/-\ ' sites. We use a family of link modules over the periodic Temperley-Lieb algebra £PTLn(/3, a) introduced 

by Martin and Saleur, and Graham and Lehrer. These are labeled by the numbers of sites N and of 
^^1 ■ defects d, and extend the standard modules of the original Temperley-Lieb algebra. Beside the defining 

ON ' parameters f3 = u +u~ with u = e % ' (weight of contractible loops) and a (weight of non-contractible 

ON . loops), this family also depends on a twist parameter v that keeps track of how the defects wind around 

the cylinder. The transfer matrix Tjv(A,z/) depends on the anisotropy v and the spectral parameter A 
£f} | that fixes the model. (The thermodynamic limit of Tjv is believed to describe a conformal field theory 

f""^ ■ of central charge c = 1 — 6A 2 /(-7r(A — 7r))0 

The family of periodic XXZ Hamiltonians is extended to depend on this new parameter v and the 
relationship between this family and the loop models is established. The Gram determinant for the 
natural bilinear form on these link modules is shown to factorize in terms of an intertwiner i% between 
these link representations and the eigenspaces of S z of the XXZ models. This map is shown to be an 
isomorphism for generic values of u and v and the critical curves in the plane of these parameters for 
j—j ■ which i% fails to be an isomorphism are given. 

Keywords: periodic Temperley-Lieb algebra, cylinder Temperley-Lieb algebra, affine Temperley-Lieb 
algebra, loop models, Gram determinant, Gram matrix, Hamiltonian XXZ, Jordan structure, indecom- 
posable representations, standard modules, Ising model, percolation, Potts models. 
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1 Introduction 

In part due to Onsager's remarkable solution of the two-dimensional Ising model [JJ, the transfer matrix 
formalism has played a central role in the study of many problems in statistical physics. The Q-state Potts 
model, ice-type models and the dimer model [H 131 II] are the first examples that spring to mind. Other 
models, like the XXZ spin chain, are described in terms of their Hamiltonian matrix, an evolution operator 
that shares many properties with transfer matrices. In these original formulations, the transfer matrix or 
Hamiltonian is a linear operator that acts on states of N spins in a chain, i.e. on a tensor product of N 
copies of C 2 . 

For some of these models, the evolution operator turns out to be a matrix realization of a particular 
element of the Temperley-Lieb algebra TLn((3), a one-parameter family of associative algebras. Recently, 
Pearce, Rasmussen and Zuber [5] have introduced a family of transfer matrices, the double-row transfer 
matrices, that live on the geometry of the strip with finitely many sites and are defined as elements of the 
abstract algebra TLjv(/3). There exists a natural action of the Temperley-Lieb algebra on link modules that 
defines physically relevant representations of this algebra. Partition functions for the Q-state Potts model are 
computable from the eigenvalues of the matrix realization of the transfer matrices at /3 = \J~Q [6] . For almost 
all values of /3, finding the spectrum of the double-row transfer matrix is an open problem, but nevertheless, 
the double-row transfer matrix formulation has the advantage that the sizes of the representations are 
independent of Q. Whereas the representations in the spin models give rise to symmetric matrix realizations 
of the transfer matrices which are then diagonalizable, their representative in the link representations exhibit 
rank 2 Jordan cells if certain conditions on /? are satisfied [5j[7]. This is a remarkable feature, as Jordan cells 
in the transfer matrix of the finite model are a signature, in the scaling limit, of logarithmic conformal field 
theory. 

For the geometry of the cylinder, the relevant algebra is the enlarged periodic Temperley-Lieb algebra 
£PTLpf(f3,a), a two-parameter algebra whose representation theory was studied by Martin and Saleur [pj, 
Graham and Lehrer [TO], and Green and Erdmann [TTJ [J2]. For j3 = 0, Pearce, Rasmussen and Villani [5] 
introduced the single-row transfer matrix, an element of this algebra, and extended the definition of link 
modules to this geometry. In these representations, the single-row transfer matrix is non-symmetric, opening 
up the possibility of non-trivial Jordan structures. For critical dense polymers (/3 = 0), exact expressions for 
the eigenvalues were found, the existence of Jordan blocks was observed for small system size and a modular 
invariant was found that is believed to correspond to the partition function of critical dense polymers on the 
torus |S]. 

The partition function and Jordan structure of the transfer matrix are of course not the only relevant 



properties one can hope to extract from the transfer matrix. Periodic boundary conditions arc of course 
relevant for cylindrical and toroidal geometries. Then winding properties of clusters as they evolve along 
the cylinder should be somehow computable from this transfer matrix. If the two ends of a finite cylinder 
are joined, the homotopy properties of the clusters on the torus may also be considered [T3J[T3]. However 
the link modules used to describe loop models, also known as standard modules, do not keep track of the 
winding of loops. One way to circumvent this problem was proposed by Richard and Jacobsen [15] . but we 
prefer another one here. We choose to use modules [9] [10] that depend on one further parameter, the twist 
parameter v, which is related to the winding of loops. In this paper, we start putting together tools to study 
these modified link modules. 

The spin and link modules over the Temper ley-Lieb algebra, though different, are not completely unre- 
lated. On the strip, a homomorphism iff that maps link modules into subspaces of the spin modules led 
to a proof of selection rules for critical dense polymers on the strip [16] . In this work, we will construct a 
homomorphism (or intertwiner), hereafter denoted iff, from link modules into submodules of an extended 
XXZ spin module (that depends upon the parameter v). This will prove particularly useful because, for 
generic values of the parameters, this map is an isomorphism of modules. This tool is intimately related to 
another one, the Gram matrix. There is a bilinear form on link modules, the Gram product, that is invariant 
under the action of the Temperley-Lieb algebra. The Gram matrix represents this bilinear form in the link 
state basis. The radical of this bilinear form, that is the set of vectors that have a zero pairing with any 
other, is easily shown to be a submodule. It is non-trivial if and only if the determinant of the Gram matrix 
vanishes [17l [TH [19]. In fact, we will show that the Gram matrix can be written as a product of two copies 
of iff, the matrix representing iff in the natural bases. A non-trivial Jordan structure is often related to 
the radical being non-zero and it is natural to ask whether a non-trivial kernel of iff may provide similar 
information. This question will be studied in a subsequent paper but, in the present one, the conditions on 
the parameters /3 and v for this kernel to be non-trivial are obtained. 

The paper is organized as follows. Section [2] defines the periodic Temperley-Lieb algebras, the transfer 
matrix for the loop models and the family of representations depending on the twist parameter. Section 
[3] extends the periodic XXZ Hamiltonians into a family that, like the representations, depends on one 
more parameter. The linear map iff, between link modules and the vector spaces upon which the XXZ 
Hamiltonians act, is then introduced. The factorization of the Gram matrix in term of the map iff is proven 
there. Section 0] gives a new computation of the Gram determinant, one that leads to the identification 
of the critical curves where the map iff becomes singular. This is where the proof that iff is actually an 
homomorphism ends. We will soon come back to these tools to show how they allow to unravel, at least 
partially, the Jordan structure of the periodic loop transfer matrix. 

2 Periodic Temperley-Lieb algebras and loop models 

2.1 Periodic Temperley-Lieb algebras 

On a vertical cylinder, we draw N equidistant points (or entries) on each of two parallel sections and label 
them 1 to N. A connectivity is a set of N curves connecting points pairwise by non-intersecting curves. 
Two connectivities are equivalent (or equal) if the curves of the first can be continuously deformed into 
those of the second. Clearly a rotation of 2tt/N of the cylinder maps a connectivity onto another; these two 
connectivities, the original and the rotated, are usually distinct as their patterns of connections are then 
different. 

Throughout this article we will depict connectivities by planar diagrams on a periodic strip, as in the 
following: 



The leftmost point on the top and bottom slices bears the label 1, the rightmost the label N. The cut along 
a line parallel to the cylinder axis that allows this planar representation is depicted using dotted lines at 
x = X/l and x = N + 1/2. These lines will be called imaginary boundaries. 

3 



A product between two connectivities c\ and c^ with N entries is now denned. The product C1C2 is 
obtained by drawing c^ on top of c\ and connecting the N points on the bottom of Ci with those at the 
top of c\. The result is the connectivity obtained from this new diagram, with a multiplicative factor of 
f3 n P a n " where np and n a are respectively the numbers of contractible and non-contractible loops closed in 
the process. For instance, 




xr 



= a 2 p 



r\ fl^r\ r\ 






The two non-contractible loops, responsible for the factor a 2 , are drawn thicker here. Because curves can 
wind around the cylinder indefinitely, the number of connectivities is infinite. 

Definition 2.1 The algebra VTCn(/3,cx) is the vector space generated by connectivities and endowed with 
the product just defined and extended linearly to linear combinations of connectivities. The unit in PTCn{P, ol) 
is the connectivity that connects the point i on the bottom, to the point i on the top, for all i, with no winding. 

We now define an abstract algebra, the periodic Temperley-Lieb algebra. Note that we use capital letters 
to denote it, instead of calligraphic ones for the algebra of connectivities. 

Definition 2.2 The periodic Temperley-Lieb algebra PTLn((3) is the algebra generated by a unit id and 
the generators e i; i = 1, ..., N, constrained by the following relations 



e^ pC-ii 



for \i-j\ > 1, 



(1) 



The indices are understood to be taken, modulo N , in the range 1, ..., N , and therefore e = e^ cind ejv+i = e\ ■ 

Definition 2.3 The enlargement of PTL^(fi), denoted £PTLn(/3), is generated by id, the eiS and two 
more generators, Q, and f2 _1 , satisfying {!]) together with 



SldVL = e,_i, 

QQ- 1 = Q- 1 fl = id, 

(n^ex)"- 1 = n ±N (n ±l e N ) 



(2) 



with, again, the indices i of the eis taken modulo N. The last relation can also be written as ejv-i-'-ei = 2 ei 
and ei...ejv-i = £1~ 2 cn-i. 

The generator O will be referred to as the translation operator. The relations ([T]) can be translated in 
terms of the generators ejv, fi and tt^ 1 of £PTLn((3): 



e N Cl j e N rr j = Q j e N Q- j e N , for 2 < j < N - 2, 

ejv = e N . 



(3) 



ejv^ejv^ 1 



The identification of ejv and eo is simply £l N eN^l N = e_/v • The algebra £PTLn(P) is then just (ejv, Q, & *) 
constrained by these relations. Finally a last algebra will be used. 

Definition 2.4 For N even, we define £PTL N (/3,a) to be the quotient of £PTL N ()3) by the relation 

Eil E = aE, where E = e.2e^...eN-2CN ■ (4) 



From (UJ), it also follows that FQ ±1 F — aF, where F = e\eze^...e^^\. Despite this quotient, the algebra 
£ PT L n (j3 , a) is still infinite as it contains the infinite subalgebra (51). For N odd, we take no further 
quotient but, for simplicity, we will still write £PTL^{j3,a) for the enlargement of the PTLn((3) algebra. 

To each g € £PTL]y(f3,a), we associate a connectivity c = cj)(g) € VTC(f3,a) as follows: To each 
generator we associate 



<p(id) 



0(fi) = 



7 



77— 




L 



(j){ei) 



(KfT 1 ) = 






a 




I 




Ti 



and for any g = J|- fi a product of the generators of £PTLn((3, a) (with /j e {ei, ..., ejv, 51, 51 -1 }), we set 
</>(g) = f|i <f>(fi)> with the same product of diagrams defined for VTCn{P, ct). One can verify that equations 
flTJ, © and (J3J are satisfied if we replace e*, 51 and 51 _1 by 0(ej), 0(51) and </>(51 _1 ), so 4> ■ £PTL N (f3, a) -> 
VTCn (P, ct) is a homomorphism of algebras. It is surjective as all generators of VTCn (/?, a) have preimages. 
Moreover, Green and Fan [21] have shown that cj> is injective. In this sense, £PTLn([3, a) and VTCn ((3, a) 
are isomorphic, and throughout the rest of this paper we will use £PTLpf(f3,a.) to denote both the algebra 
of connectivities and (ejy, ^j 51 _1 )/(relations @, ([3]), @). 



2.2 The loop transfer matrix Tn(X,u) 

Definition 2.5 TTie loop transfer matrix Tn{\,v) is an element of £PTL^(f3,a) defined by 



N 



T N (\,v) 



where the boxes are given by 



h, b 



b_ 



tx 



sin(A — v) 



^ 




X-v 

r 



/3 = 2 cos A, v is the anisotropy and the leftmost and rightmost boxes are connected. 

The loop transfer matrix, or simply transfer matrix, is related to the Fortuin-Kasteleyn description of two- 
dimensional lattice models and has many crucial mathematical properties. (Several of the following properties 
were proved in a general context in [32] . Proofs and discussion of these properties in a context similar to the 
present one can be found in [5] [5]. The tie with lattice models is found in |23j or, for a presentation similar 
to the one here, in [7J for example.) 

(i) It forms a communing family: [T/v(A, fi), T/v(A, z^)] = for all v\ and v^. 

(ii) It satisfies a crossing-reflection symmetry: 2jv(A, A — v) = R~ 1 Tn{\ : v)R where R is the left-right 
reflection: a — R eN-iR- 

(iii) It is invariant under translation: [T/v(A, v), 51] = 0. 

(iv) Its expansion around v = is 



T N {\v) -fisin^ \[(\ -vN cot X)id + vU I sm\] +0{u 2 ) 



where 



N 



5 



(5) 
(6) 



=i 



2.3 Link states and representations of £PTLn(P,(x) 

In the following, we will work with link representations of £PTLn{P, a) similar to those introduced in |S]. 
They extend to the periodic case the link representations of the (original) Temperley-Lieb algebra introduced 
for models on a strip [Ml US- ( See also 0H-) 

Again N points (sometimes called entries) are aligned equidistant on a section of a vertical cylinder. A 
link state w (or link pattern) is a graph where the N points are either connected pairwise by non-intersecting 
curves or connected by a straight line to +00. The non-intersecting curves and half-lines are drawn above the 
section, that is, on one side of it. A point connected to infinity will be called a defect and the number of defects 
of a link state will usually be denoted by d. The set Bn of link states with N entries is naturally partitioned 
in the subsets -B^s of link states with N entries and d defects (with N = d mod 2), each containing ( /N-d)/2 ) 
elements. The vector spaces generated by Bn and B N are denoted Vat and V N respectively. 

By convention, the elements of Bn are ordered in ascending number of defects. When drawn in the plane, 
entries are placed on the horizontal axis at points of coordinates (1,0), (2,0), ..., (N, 0), and the diagram 
for link states is taken to be periodic in the x direction with x + N = x. The curves connecting the entries 
can connect through the imaginary boundary line at x = 1/2 and x = N + 1/2. We will call these curves 
boundary curves or boundary bubbles. Here are the three subsets B N for N = 4: 



Bl = { rf~k *■% , ff*\ , "i f7\, \ r\ f, 'f*\ /, ^ ff}, 



(J) 



^={/*ll,l*>l,llo,-JM, 



Bt = 



{1111}. 



The sets B N and Bn, without "~", will refer to the subsets of B N and Bn containing link patterns 
with no boundary curves (and similarly for Vjv and V^j, the vector spaces they span). These form the sets 
of link states used for representations of the (original) Temperley-Lieb algebra. We note that the set B N 
corresponds to the set of distinct link states used by Pearce, Rasmussen and Villani [8]. (We shall not use 
their set of identified link states.) 

Definition 2.6 (The map co d : £PTL N ((3,a) — !• End(V"^)) Let c be a connectivity in £PTL N ([3,a) and 
w G B N . An action of the diagram c on w is defined by joining the N entries of the link state w to the N top 
entries of c. The resulting link pattern is found by reading the new connections at the bottom N points of c. 
The result is then multiplied by the following factors: weights related to closed loops (a factor of j5 for each 
contractible loop and one of a for each non-contractible one) and weights due to the lateral twist of defects. 
These are computed as follows. First, if two defects are connected in the diagram cw, the result is set to 0. 
Second, for each defect in w, a multiplicative factor of v is added, where A is the distance the defect has 
traveled toward the left, that is, its position in the original state w minus its new one in the resulting cw. 
(Again, consecutive positions in w are at distance of 1.) The constant v is the twist parameter. The map uid 
is obtained by extending this action linearly to all elements in £PTLn([3,c() and depends on v: ujd = LUd(v). 



Examples are useful in understanding the product just defined. Here are computations for uid- 

^- 2 \ rr'Tr^ 1 



cung me product just aenr 




'esTT^r?^ 



In the first example, the first defect has Ai = 2 and the second A2 = —4, resulting in an overall factor of 
~ 2 . As a last example, note that f2 shifts the link pattern w one position to the left and therefore 



v 



Ai+A 2 



multiplies the resulting state by a factor v . 

Proposition 2.1 The map ujd is a representation of £PTLn{P,ol). 

We do not give the details of this proof as the verification is standard, though tedious. It suffices to show 
that the defining relations ([T}, @ and ((H) hold for the action on any link state w € Bfj. The relations (JXJ) 
and <j2j) involve at most four entries of the link state (except for the last one of ([2])) so that, for these, one 
may concentrate on the two, three or four connections changed. The other two equations can also be seen 
to hold, and we leave the verifications to the reader. The result is nevertheless non-trivial. Indeed, imposing 
that connecting defects give zero is essential, as the map u>d would not be a representation of £PTLjy(l3, a) 
otherwise. For example, 



e3ei 



(1 r\ 1 



^ 



^X^. 



1 I r\ 



Pr^ 



i i r\ 



v 2 r\ r\ 



eie 3 



(1 r\ 1 



f^ 






£1 



u 



£X 



^x 



r\ r^ 



„Nd 



Because eie^ — e^e\ in £PTLn,N > 4, this would not have been a representation. This also means that, 
to define an action of the whole link space Vn where connecting defects are not given weight 0, the twist v 
should solve some algebraic constraints, like the above v = 1. 

The usefulness of the representation Ud with its twist parameter v stems form the fact that ojd(^ N ) — 
ujd{id) and not simply u>d(id). It therefore allows one to keep track of the winding number of Fortuin- 
Kasteleyn clusters along the cylinder, a physical property that plays an important role in the mathematical 
description of these models [131 03J [5S] . Another appropriate name for the parameter v would have been the 
momentum parameter. Indeed, fl acts as a translation operator around the cylinder, or a rotation operator. 
Clearly its eigenvalues are expressed in terms of v and should be interpreted as the possible values of the 
momentum. 



3 The XXZ model and the intertwiner i d N 

On the strip, the loop models are intimately related to another family of physically relevant ones. Both 
models are defined by an evolution operator, the transfer matrix for the loop models and a Hamiltonian for 
the XXZ models. Even though the vector spaces upon which the evolution operators act are different, they 
both carry a representation of the Temperley-Lieb algebra. Often properties of one of the models can teach 
us something about the properties of the other and, with this objective in mind, we give in this section the 
precise relation between loop models and the XXZ Hamiltonians on the cylinder. 



3.1 An extended family of XXZ models 

Instead of working with the full transfer matrix, we concentrate on the first non-trivial term in its expansion 

Bi. Since the XXZ Hamiltonians are maps of (C 2 )® N onto itself, 

7 



around u = 0, given in ©: H = J2i 



<i<N 



we need to define a representation of £PTLn(/3, a) on this vector space, or at least of PTLjv(/3). Then the 
XXZ Hamiltonians will simply be H = ^2 1<i<N e-i where ej are the matrices representing the generators e^ 
of £PTL N (/3, a). 

We use the usual notation 

of = id 2 ® ■ ■ ■ ® id 2 <g> a a ® id 2 ® • • • ® id 2 

J v . ' >■ . ' 

j-1 N-j 

for 1 < j < N and a e {x, y, z, +, — }, and we set Cjv+i = cr". The tensor product contains N two-by-two 
matrices and a a is the j-th factor in this product. The matrices Bj € End((C 2 )® JV ) are 

1 (v 2 + v~ 2 , „ „ „ ,. , w 2 -t;~ 2 



(a)o] +1 - id) + (a| - <r| +1 )J 



u 4- w , _ , . ,, u — u 



2 

-2-+ i 2 + - / 2 i -2\ + _■-+■-, 2_+_- . -2 _+ / \ 

v (J 3 aj +1 + v a] a j+l - (u + u )a j a J aj +1 a j+1 + u a- a$ + u (Tj +1 a j+l (8) 

id,2 <£) id,2 ® • • • <S> id,2 <S> e <S> icfe ® ie^ ® ■ ■ ■ <8> *e?2 

S * ' " * ' 

3-1 N-j-1 



with 













°\ 


u 1 


^ 





v- 2 


M - 2 











0/ 



(9) 





V« 

where the allowed values for j are from 1 to N for the first two forms and from 1 to N — 1 for the last. The 
periodic XXZ Hamiltonian found in [20) also depends upon a twist parameter (named e lv therein) which 
only enters in the definition of the first generator ejv- We note however that a similarity transformation 
OeiO' 1 , with O — u^= iJct j , maps our generators to theirs if e %v — v 2N . 

It is clear from the second form that each e 3 - commutes with the total spin S z = % J2i<i<N °f- ^he 
matrices e 3 - are not hermitian. But, if u and v are on the unit circle, the first three terms of the first form 
in (JSj) are clearly hermitian. Only the term \{u 2 — u~ 2 ){a z , — o~j +1 ) is not. Finally one can verify that these 
matrices satisfy the relations ([T]), with &n+i = ei and j3 = u 2 + u~ 2 . Therefore 

Proposition 3.1 The matrices ej,l < i < N, form a representation of PTL^(/3 — u 2 + u~ 2 ) for all 
veC x . 

We shall often use the following parametrization for u and v. v = e tfl ,u — e lX l 2 . If \x and A are real, the 
Hamiltonian H = H(u,v) = Y]j—i &i is hermitian, since the sum ^2Jo~ z — o~ z +1 ) vanishes. The usual XXZ 
model corresponds to the case v 2 = 1 (for the case with boundary see for example [3U] and also [IB] where 
the interplay between loop models and XXZ Hamiltonian has been exploited). 

We finally introduce the matrices t^ 1 and J7 ±1 . The operators t and t" 1 are left and right translations 
around the cylinder. In the basis \x\X2 ■ ■ ■ xjv) where every Xi G {+1. — 1}, they act as 

t \xix 2 ■ ■ ■ xn) = |^2^3 • ■ • xn%i) 
t^ 1 \x 1 x 2 . . . x N ) = \x N XiX 2 ■ ■ ■ Za^x) 

and satisfy t ±x a a , = a a - x t ±x . Then we define fj ±1 — v ±2S 't ±1 . Because t&j — Bj-±t and {v 2S * ,e~j] = 0, the 
first and second equations of ([5]), Clejft -1 = e~j-i and J70 -1 = _1 $1 = id, are both satisfied. That 

(n ±1 e JV ) A '- 1 = n ±JV (n ±1 e w ) (10) 

holds is far less trivial. Moreover, to check that the matrices §j and Cl^ 1 generate a representation of 
£PTLpf(P,a), we would have also to show that, for N even, 

En ±1 E = aE (11) 

8 



for E = e^e^.-.e^ and some a — a(u,v). There might be a way to prove (|10l) and (fTTT) by direct 
computation. We prefer a more roundabout way. Let us denote by r the map defined on the generators 
by ei i-> Si and fi* \-> fj* and, in general, by Ylifi *~~* Yli h f° r fi ^ {ei, •■•, ejv, $7, fi^ 1 }. This map is a 
representation of PTL^(0). Moreover the two first relations in ^ are satisfied if the generators are replaced 
by their barred representatives. In section T4. 5 1 we shall show that for generic values of u and v, there exists 
an isomorphism iff of vector spaces between the XXZ and the link state representations ujd that intertwines 
the f^ and ejS, and their barred representatives: iff o $7 ±:L = J7 ±:L o iff and iff o e, = §i o iff. It will then 
follow that equations (fTU)) and (TTTj) are satisfied for all values of u and v and that r is a representation of 
£PTLn(/3, a), with the parameter a equal to v N + v~ N . Thus v comes into play both as a twist parameter 
and in the weight of non-contractible loops wrapping around the cylinder. 

3.2 The map i d N between link and spin states 

Let w £ Bff be a link state containing n = (N — d)/2 bubbles and let i/j(w) = {(«i, Ji), (*2, J2), •■•, (in,jn)}, 
where the i m s are positions where bubbles start and the j m s the positions where they end. The i m s are 
chosen in the interval 1, ..., N while the j m s satisfy i m + 1 < j m < JV + i m — 1. In tp(w), the pairs (i m ,jm) 
are ordered such that the i m s increase, even though this will play no role. 

Definition 3.1 The linear transformation iff-. Vjy — > (C 2 )® N \„ z _,,„ is defined by its action on elements 
w of the basis Bfj : 

* d N H= IX ^,3 10) where f itj = v'^wj + v-^-^vT 1 ^, (12) 

(i,j)eil)(w) 

and \0) = \ + + ■■■ + ) is the unique state with all spins up. 

If a boundary bubble is present, its starting point i is connected to a point j ' > N + 1 and we then use 
the convention that en = o-- odN . 

PROPOSITION 3.2 For all c e £PTL N ((3,a) and all w £ V$, iff (civ) = T(c)i d N (w), where (3 = u 2 + u~ 2 , 
a = v N + v~ N and the action of c on w is the one defined for the representation cud, with twist parameter v. 

Once equations (fTU|) and (jlip have been established, this proposition will simply state that iff is an 
intcrtwiner between the representations ujd and r if the parameters of £PTL]\i((3, a) are chosen to be /3 — 

u 2 + u~ 2 and a = v N + v~ N . 

Proof It actually suffices to check that iff(cw) = T(c)iff(w) holds if c is one of the generators e^, 51 or 
il' 1 , and w £ Bff. Let Y(w) — Y\/ m n )£M(w) ^™,« anc ^ *I J '( W ) be the part of ip(w) that does not touch points 
i, i + 1, j and k (see the diagrams below for the meaning of these indices). We give below a list of relations 
that are sufficient to establish the result. For each element of this list, we give the diagrammatic relation 
and its algebraic counterpart to be checked explicitly. For the diagrammatic relations, we draw in w only the 
positions that play a role in the verification. For example, in the first, the check is for all vectors w whose 
positions i and i + 1 are defects and, because ei acts only on these positions, they are the only ones drawn. 




-► SiY(w)\0) =0, 

l d N (r\) = (u 2 + u~ 2 )l d N (r\) 




1 

,2 , „,-2\ 



eiT iii+1 Y(w)\0) = (u 2 +u~ 2 )T^ t+1 Y(w)\0), 

9 



3) r 



1W1 iO)=^-^(^...i) 

\) i 3 i 3 



K i 3 

■ eif i+ld Y(w)\0) = v^f t , l+1 Y{w)\(S), 



4) r(] [ ^ ) i%( ^\ 1) = v^-H%( 1 . . . p) 



•5) 



\7 i 

-)■ e<f w y(«;)|0) = ^ +1 ^f Vi+1 rH|o), 

-> e i f ii fcf i4 .i J y(«;)|0) = Ti.i+ifj, k Y(w)\0), 



^...r^\ 



6 '<i:x:::i)^(R^) 



*JVV. 



• eifj t iTi + i >k Y(w)\0) = T iti+ iTj t kY(w)\0), 



/% 



M J. 




ejT i]i+ iT fc]i F(iy)|0) = Tj ]i+ iTj !fe F(«;)|0), 






l N\ 



) = (v N + V N )i d N ( 



r\ 



-> eiT i+1 ^ +i y(w;)|0} = (u* + W - JV )T i , i+1 y(i ( ;)|0) 



MW^m ; ///// 



/ 



A few observations are useful. First, if the four indices of Tij and Tkj are distinct, then these two linear maps 
commute. Second, because Y(w) commutes with e, and with those Ts with indices in {i, i + 1, j, fc}, we can 
ignore it in our calculation. And third, the usual cr^~<jj\0) = |0) and a^ |0) =0 are keys in the computations 
to follow. Because of the latter identities, the relation 1) is trivially satisfied. Under the action of r, the 
number of defects is conserved, as it is in the representation u>d- The computations for the elements 2), 3) 
and 5) are 

eiT iti+ i\Q) = (uv~ 1 aj' +u 3 va~ +1 + u~ 1 va~ +1 + m _3 w _1 (t,^)|0) 

= (u 2 +u- 2 )(uva- +1 + (w)-Vr)|0) = (u 2 +u- 2 )f, il+1 \0), 
e t f t+lj \0) = u- l v- i+i+l {v- 2 ar + u 2 *r )\Q) = ^f M+1 |0), 



eiT itk T i+ltj \0) - ((v k - l u)( 



y-i-l) ix , 2 , 



u ){v <J l a k +u (7 k a i+1 ) 

(uvo~ +1 (uv k ~ j o k +u~~ 1 v~ { - k ~ 3) <jj) + (uv)~ 1 <j~(uv k ~ j a k ~ +u~ 1 v~ ( - k ~ j ^a~))\0) 
Tis+iTj^\0), 



10 



and for 8), the link state w has a boundary bubble connecting positions % + 1 and i + N and 



= (« JV +i;- JV )r M+1 |0>. 

The proofs of 4), 6) and 7) are similar. For 9), from the definition of O , we have J7 ±1 T,:.j = w T2 Ti =F i J=F iJ7 ±1 
and w ±2S |0) = u ±Ar |0). In the subspace with d defects, the number |-0(ijy)j of pairs (i m ,j m ) in ip is (N — d)/2 
and 



Q^M - Cl ±x f JJ fi ,,- J |0) - t^ 2 '^ 



n ^^tO^io) 



w T(W-d) w ±iV 



(i,j)eip(w) 



II T iTl)iq:1 )|0)=?^(O ±1 U ;) ) 



as required. 



D 



The proofs of equations (|10p and (jlip have been left out. To complete these, we will show that iff is an 
isomorphism between VJy and the eigenspace where iS* = d/2, except for some critical values of u and v. 
Because the analogs of equations (ITU)) and (|11[) hold in the link state representation, then they will also hold 
in the spin eigenspace since the previous proposition showed that iff o il = ft o iff. 



3.3 The factorization of the Gram matrix in terms of the map i d N 

Let iff be the matrix of the transformation iff expressed in the bases of link states for the domain and of spin 
states {$= \xix 2 ...X N ),Xi € {+1,-1} and Y,i x i = d } for ( C2 ) <SIJV |,s*=d/2' so that i^(» = X^I^C^wk,™ 

2 ) , and the linear map iff is an 



N 

AN-d)/ 



for the basis vector w £ Bff. The matrix iff is square and has size 
isomorphism if and only if dct iff ^ 0. 

Let w\ and w 2 be link states £ Bjf. The Gram diagram Dg(wi,w 2 ) is obtained by taking the mirror 
image of w 2 by a horizontal axis and by connecting the entries of this state to those of w\ . 

Definition 3.2 The Gram product {-\-)g '■ Vn x Vat -> C is a bilinear form defined on w± and w 2 £ -Bat by 



{Wi\W 2 )G = 



if in Dg(wi,w 2 ), two defects of w± (or w 2 ) are connected, 

a n a pn{i v nv otherwise, 



where np andn a are respectively the numbers of contractible and non-contractible closed loops in Dg(wi,w 2 ), 
and n v — ^ ; A; where A; is the displacement (to the left) of defect I of vj\ connecting to another defect of 
w 2 ■ Of course, only one of n a or n v can be non-zero. 

Thus, if w\ £ Bjf 1 and w 2 £ B^, (vji\w 2 )g = unless d\ = d 2 . The matrix of the Gram product 



restricted to Bff is noted Off- Here are a few examples. 






\w 2 )=pv\ 



\w 2 ) = 0, 



3 ) Wl =•* <~> /7T\ ^ <■> ™ 2 =-> <~> 




^ rf ., Dg(wi,u;2) => O 




O C («;i|w 2 )=a 2 ^ 



2o3 



For simplicity, we will sometimes denote (wi\w2)g by the corresponding Gram diagram. With this conven- 
tion, example 3) becomes 



>o//\\o< = « 2 / 33 - 



Here are some remarks on this bilinear form. First the Gram product verifies {w\\eiW2)G = {giW\\w2)g for 
1 < i < N and w\, u>2 & 5/v, where the e^s act as u>d{v) on the first entry of the bilinear form and as u>d{v~ l ) 
on the second. It is then natural to define the adjoint w of a word u = e^ . . . ei k _ x ei k in the generators as 
ei k ei k _ ± ...e^. With that definition, (wi\uw2)g — (u'u>i\w2)g f° r all words u and w\, W2- The second remark 
follows from the first: The radical of the Gram bilinear form Rad^r = {w <G V£\(v\w)g — 0, for all v £ V$} 
is a subspace of V^ stable under the action of EPTL^j. Third the matrix Qfj is symmetric for d = 0. For 
d > 0, the Gram product is not symmetric but still satisfies (w\\w2)g = (w2\wi)g\ v ^ v -i for w\,W2 S Bn- 
Finally it will be useful to consider the Gram matrix restricted to link states in Bfj. This matrix will be 
noted gff without the 

The relation between if] and the Gram product is given by the following proposition. 

Theorem 3.3 Let Q d N = (lf f (u,v- 1 )) T lf f (u,v). Then Q% = Q% with f3 = u 2 + m~ 2 , a = v N + v~ N and 
twist parameter v. 

Note that the v^ 1 in (/^r(u,i; _1 )) is consistent with the previous remark that Off = (Gii) T \ _i- Here is 
a simple example of this remarkable factorisation for N — 4 and d = 0. The bases are ordered as 



{! + - + ->, 1 + + --), I- + + -), I- + -+), 1 + 

for the spin basis and as (f7]) for the link state basis. The matrices are 



I° 4 (u,v) 



'V 






v* 






V~' 




U 


~*v~' 




v~* 




ir 









2 4 
U V 













1 







u 


- 2 v 


1 













u 2 v i 









u 


-2„-4 







V 


-2 




v- 2 






v 2 






2 2 
U V 




v 2 




v- 2 


i 











U 


- 2 v- 


4 









v?v i 












U 


- 2 v- 


4 











1 









U V 



and Q\ 



-- + +>} 



/ f3 2 a/3 a a/3 /3 \ 

/3 /3 2 a a^ a a 2 

a/3 a /3 2 a 2 a 

a a/3 /3 2 f3 a/3 

. a/3 a a 2 /3 f3 2 a 

\ /3 a 2 a a/3 a /3 2 ) 



(13) 



The equality can be checked by doing the product (/^(u, V 1 )) ij (u, v) and replacing in Q\ the two variables 
a and /3 by v A + w -4 and u 2 + u~ 2 respectively. Clearly this factorization is non-trivial. 

Proof We see Q% as an endomorphism of V$ whose matrix elements in the link state basis are 

x 

With the usual scalar product on spin states ((x\X2 ■ ■ ■ £iv|yi2/2 ■ ■ • Vn) = rii^.iW f° r x uV% *= {+1, — 1})? 
matrix elements can be rewritten as 

{i d N {u,v- i )f wi j= (i%{ U ,v- i )) Swi = (x\ n f «(«' v_i ) i°) = (°i n f s^ v_i ) i f )> 



and then 



«&)»„,«* = £ (0| Hf^V- 1 ) \X) (X\ l[f k j(u,v) |0) 
z (ij')Gi/'(ii , l) (k,l)eip(w 2 ) 

(ij)ei/ i (i"i) (A,i)e^(tu 2 ) 
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Notice that all the elements of the second product commute among each other, and the same goes for those 
of the first. However, elements of the first product do not commute with some elements of the second. More 
precisely, an element Tj- of the first product does not commute with a T k .i of the second if {i, j} n {k, 1} 7^ 0. 
This suggests to break down the above products into clusters, namely subsets of indices corresponding to 
connected components of the Gram diagram Dg(w\,W2)- Such a cluster is the set of labels visited by one 
loop or one defect in the diagram. Then (Q%) Wl ,w 2 factors as a product over clusters: 



(Qi 



N )1"1,W2 



(01 n ( n tu^' 1 ) n ^(^))io>, 

m=l ^ (i,j)Gip(w 1 )nc m (k,l)Gi/)(w 2 )r)c m 



where the c m s are the clusters and n c is their number in Dg(wi, W2)- We want to show that 







(Qn)v 1 •»■-• 1 ( V N + V -Ny la ( u 2 + u -2} nf>v n v otherwise 



if two defects of w\ or wi are connected, 



(14) 



where n a , np and n v have been defined in definition 13.21 To show this, we can concentrate on a single 
cluster, say the one containing the point i, and simplify it by removing pairs of indices recursively. More 
precisely, we proceed as in proposition 13.21 We identify local relations between the Ts and T T s that, if true, 
would show that each cluster gives rise to its proper contribution in the final result of (fl4l . Here are these 
local relations where the u and v dependence of Ti.j(u,v) and T^Ju,v~ x ) has been removed and therefore 
Tij and Tf, stand for Tij(u,v) and TfJu, v~ l ) respectively. 



1) 
2) 
3) 
4) 
5) 
6) 
7) 
8) 
9) 




-► T^T^\0) = (u 2 +u- 2 )\0), 

-> T^ +N \0) = (v N +v- N )\0), 

-> 3SI0) = = (0\Tij, 



T£kTi,jTk,i\U)-TiM> 



T^TijTj, k \0)~T k ,,\0)> 

^/r^io^iyo), 

T^T j , k \0)=v i - k \0), 



Tj fe T i;i |0)=« fe - i |0), 



(0|0) 
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where ~ means the equality holds modulo terms that will be when the product with (0| is computed. For 
instance, relation 4) is checked as follows 



T lk T i,i T kM = («t^'-*a]f +«-V- i <rt)(«t^-* -7 +«-V- J 'o-r)(W-*«rf +«- 1 v*- I o-fc)|0) 



(T t) i + uv 2 ^- 1 ^ + u-V^-V-)^) ~ T M |0) 



3 



where, in the last step, we used the fact that in what remains of Yl T T Y[ T, everything commutes with a^ 
and er~ and (0|cr~ = (0|cr^ = 0. Relation 9) is trivial and the seven others are proved in a similar fashion. 
Finally, we note that the case 




i k I 

does not need to be studied because there has to be a j (with i < j < k) for which the diagram reads 




] k I 



and then relation 6) (or rather its transpose) may be used first. In conclusion, in calculating (Q%)wx,w 2 > 
each cluster gives rise to a factor through relations 1), 2), 7) and 8) that is equal to the factor obtained from 
the corresponding closed loop in the Gram diagram and the proof is complete. □ 

From the previous proposition, det ljf(u, v) det I%(u, v^ 1 ) = dot Qff. The computation of these determi- 
nants will be done in section [U that of Qff leading naturally to that of Iff. The latter will reveal under what 
conditions the map iff is actually an isomorphism. 

4 The critical curves of the intertwiner i d N 

All equalities involving det Qff or det iff are valid up to a sign. 

One goal of this section is to finish the proof that the map iff is a £ PTLjf -homoraorphism, therefore 
proving that it intertwines loop and spin representations ftheorcm l4.6[) . But the crucial result of the section is 
theorem 14. 51 which gives the critical curves in the complex plane (u, v) where iff stops being an isomorphism. 
The identification of these critical curves amounts to computing the determinant of iff in some appropriate 
bases. We shall recover, along the way, the determinant of the Gram matrix. 

The computation of det Qff and det iff is technical. Fortunately it is significantly simplified by a change 
of bases. In this new basis, the determinant for the periodic Gram matrix Qff can be seen to be related to 
that of the Gram matrix Qff for the open boundary case, that is the restriction of Qff to Bff. For v = 1, the 
latter determinant is already known (see for example [26 and [18 ): 

(N-d)/2 

det$£= [] (Sd+k+i/S k f mV - +2k (15) 

fc=i 

where the following notation is used: 

S fe =sin(fcA), C fc =cos(fcA), A = tt - A, = -2C X 

and, as usual, dimV$ = ( (Ar- rfVg ) — ( {N-d-i)li ) • Section |4~T1 is devoted to generalizing this result for 
arbitrary values of v. In section I4T21 we show that an appropriate change of bases allows for the factorization 
of the Gram determinant in the periodic case in terms of Gram determinants on the strip and factors K<i r . 
The computation of these new factors Kd, r will be the following step. It will require treating the subspaces 

14 



with d = and d > separately, as non-contractible loops yield factors of a in the former, while in the latter 
defects are twisted, yielding powers of the twist parameter v. We shall then be able to prove the following 
theorem (theorem 14.31) and characterize the values of u and v for which i N is singular (theorem 14.51) . 

Theorem The determinant of the Gram matrices Q N is 



N 



N/2 

detG% = l[(a 2 -4Ci)^/*-K), (16) 



fc=i 

(N-d)/2 N 

and det^= J[ (4cos 2 (/^V) - 4Cf +d/2 )^ (N-d)/2-k) ^ if d > 0, (17) 

fc=i 

where v — e v . Trivially, for d — N, det Q^ = 1. 

Formulas (|16[) and (|17p have been proved in various contexts before. To our knowledge, they first appeared 
in Martin and Saleur's work [5] on the representation theory of the full Temperley-Lieb algebra on a graph 
G. (The periodic Temperley-Lieb corresponds to choosing the graph G to be the affine Am-) Graham 
and Lehrer [TU] gave a full description of the representation theory of the periodic Temperley-Lieb algebra 
(affinc Temperley-Lieb algebra), including a proof of the above determinant, within the context of category 
theory. Their afhne cell representation Wt, z is introduced as a functor between two categories. For a given 
n (our N), their modules Wt, z (n) are related to our w<2, with their t fixing our d. Their parameter z is 
tied to our parameter v, though the exact relationship depends on d. Their proof is (very) different from 
ours. Chen and Przytycki [37] recovered recently the case d = in still another way. Clearly this result is 
crucial and different proofs will bring into light different properties of the problem. Ours is based mainly 
on diagrammatic arguments, rests upon the Wenzl- Jones projectors and underlines a remarkable property 
of the Gram determinant for the (original) Temperley-Lieb algebra to be proved next. 

4.1 The Gram determinant on the strip 

The goal of this section is to show that equation (|15p . which gives the Gram determinant on the geometry 
of the strip for v = 1, actually holds for any value of the twist parameter. In fact, we will pursue an even 
more ambitious goal. Let (-\-)q ■ V N x V N —>■ C, with v = (ui,V2, ■■-,Vd), be the bilinear form defined for 

wi,W2 € B N as 

, , , v _ J if, in Dq(w\,W2), two defects of w\ (or W2) are connected, 

{ Wl \w 2 ) G = J a „ Q/3n/3 n ^ ^ otherwisej 

where now Aj denotes the displacement, towards the left, of defect i with the index i labelling defects from 
left to right. Note that this new bilinear form coincides with the usual one on V N for d = 0. Because w\ and 
W2 are in B N , (wi\w2)q is non-zero only if defect i of w\ is connected to defect i of u>2- In this section we 
show that the determinant of the matrix Qpf of this bilinear form is independent of the ViS and therefore 

detg% v = detg N . (18) 



The main tool will be the Wenzl- Jones projector (see [281129) ). 

Definition 4.1 For each 1 < n < N, the Wenzl- Jones -projector WJ n G £PTL N {(3,a) is defined as WJ 1 — 
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id and for n > 1 as 



where each box is 




(19) 



The projector WJ n acts on n of the N positions of EPTLm- 
WJ n satisfies the four properties [28] [29l [30] : 



If these positions are chosen to be 1 to n, then 



(i) WJ n ei — eiWJ n = for n > 2 and j = 1, 2, ..., n — 1. 

(ii) (WJ„) 2 = WJ n . 

(iii) The reflection through a horizontal mirror of the diagram defining WJ n is equal to WJ n . Equivalently 
WJ n = (WJ n y. (See the definition of "+" before theorem^) 

(iv) WJ n is also unchanged if the diagram defining the projector is reflected through a vertical mirror. This 
follows from the unicity of the projector defined by (i) and (ii), as proved for example in [30j . 

If WJ n is chosen to act on positions k to k + n — 1 or, even, on a subset of {1, 2, . . . , N} of n elements, then 
(ii), (iii) and (iv) still stand, but (i) then needs to be replaced by the statement that any bubble joining 
neighboring positions of WJ n gives zero 0E]. The property (iii) implies that (wi\WJ n W2)G = (WJ n wi\w2)G 
for wi,W2 € Vn- Note that the projector WJ is defined only if none of the sine functions in the denominators 
of equation (|19p vanish; this requirement is clearly a condition on A. 

To show equation (fT5|) , we partition Bfj as W\ U W2 : Wi contains all link states in Bfj with a defect in 
first position, while W2 contains link states with a bubble starting in first position. For N — 5,d = 1, 

b\ = { 1 rk <~> , 1 /7^\ , <~k 1 r> , *~k <~k 1 , /7T\ 1 }• 

v ' * v ' 

Wi w 2 

The next step is to replace the elements of Wi- To each w £ W2, we do the following manipulations: Remove 
all arcs except the one in first position, apply a projector WJd+i on the d defects and on the right part of 
the arc in first position and, finally, restore the (TV — d — 2)/2 arcs into their original positions. We note by 
V(w) £ V$ the resulting vector and by VW2 the new set. 

Note that the action of the projector WJ on the link states with d defects is that of definition 12.61 but 
with d different twist parameters, one for each defect. Such an action is a representation of the (usual) 
Temperley-Lieb algebra (generated by e^s, with i = 1, ..., iV — 1, satisfying equation ([lj). The proof of this 
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claim is identical to that of proposition 12.11 Again one can check that the relations ([!} are always satisfied 
(each involves at most four entries of the link state) and that a given defect i is always associated with the 
same twist parameter Vi, a property that is lost for the periodic case. 
For the above example, we get 




VW 2 ~- 

To compute the twist factor J\ t v i i in a Gram diagram, one has to be cautious to identify correctly the 
position of the defects. For example, the second element of V W2 above will be a sum of two link states. The 
(only) defect is at position 1 in one of the two link states (with an added factor vf) and at position 5 in the 
other (with no factor added). 

By construction, if A is chosen such that WJd+i exists, the vector V(w) for w £ W2 has the form w + w' 
for some w' in Wi . Therefore Wi U VW2 is a basis of V$ and the determinant of the change of bases is 1 . 

Our interest in this new basis is that for w\ £ Wi and W2 £ W2, (wi\V(w2))q = 0- Indeed, the entries 
at positions 2 to N — 1 in V{w2) are connected to d + 1 entries of a WJd+i and (N — d— 2)/2 bubbles, while 
those of w\ are connected to d — 1 defects and (N — d)/2 bubbles. In Dg(w\, V(w2)), two entries of the 
projector are tied by bubbles and the result is 0. The new Gram product (ui\wi)q between two states u\ 
and w\ in Wi is just the Gram product between states in Vj^Zi obtained from u\ and w\ by removing the 
defect at the first position, and with v' = (1)2, ■ ■-,Vd)- 

The product (V(u2)\V(w2))q I0r U 2,W2 £ W2 can be seen to factor into a constant Ld independent of 
v times (3^(1*2) 13^(^2))^. where y(w) stands for the link states in B^i obtained by removing the bubble 
connecting positions 1 and x, putting a defect at x and removing position 1 altogether. The added defect 
is considered to have i = 0, and we must impose vq = 1 for the twist factor to be evaluated correctly, 
so v" = (l,vi, ...,Vd). The Vi dependence in the original (V (v,2)\V (w2)}q is contained in (3^(^2)13^(^2))^ ■ 
Finally, the constant Ld is given by 



U 






Sd + 2 



where, at the last step, the only configuration contributing has all tiles set to <$>. From the previous remarks, 
up to a sign, the Gram determinants obey the recursion relation 



j. ird + l 

det(gr) = det(g a N -_Y)x(p l 



det(£^+ 1 i v 



(20) 



Two limiting cases are known: 



det G^ v = det Q 



and 
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det^' v = 1. 



(21) 



The use of (|2U)) lowers the bottom index N. Its repeated use will lead either to an upper index d = through 
the first term of the right side or to equal upper and lower indices through its second term. Thus equations 
(f2T))) and (f2"Tj) determine det(Q^ v ) completely. The expression given in equation (|T5|) satisfies all these and 
must thus be the solution. This ends the proof of (fT5|) . 

Even though the matrices Qjq explicitly depend upon the twist parameters Vi, their determinants do not! 
Again, for the previous example, the Gram matrix with v = {vi} is 



(p 2 


{3 


fax' 


(3 


1 


-r 2 


fal 


v\ 


(3 2 


vf 


fat 


fal 


\fai 


vf 


v\ 



far 

fax 



fai 4 \ 

„.-4 



J l 
-2 



and a direct computation gives 

det(S 5 1,v ) = (f3 2 - l) 4 (/3 2 - 2) = (S 3 /S 1 ) diniV "(S i /S 2 ) dimV ^. 

4.2 The relation between the open and periodic cases 

Definition 4.2 The subset B^f C Bff contains the link patterns that have precisely r bubbles crossing the 
imaginary boundaries at x — \ and x = N + i. Then Bff = U < r <(jv -<*) /2-B 'pf is a partition of Bfj and 



rd.r 



d,r 

N 



V N ' C Vjy * s ^ e subspace spanned by B 

A bijection C between Bjf and -Bjy r is defined by identifying w € B^ r to C(w) G B^ r obtained by 
replacing the r boundary bubbles of w by defects, and leaving the rest of w unchanged. Ifr — 0, C(w) = w. 

From now on, the basis Bf^ will be (partially) ordered in ascending order of r. Here are examples of pairs 
w <H- C(w): 

c(^\fK\f7) = ll S7%\ II, e(JIIr>L) = IIIIrJI. 

We now introduce a linear transformation U such that, in the new basis {U(w),w £ Bfj}, the Gram 
matrix is block-diagonal. 

Definition 4.3 The linear transformation U : V$ — > V^ is defined by its action on elements w of each 
Bjf . If r > 0, U(w) is obtained by first removing all arcs of w that do not cross the boundary, acting with 
WJd+2r on the r remaining bubbles and the d defects, and then inserting back the bubbles that were first 
removed at their original positions. If r — 0, U(w) = w. 



Here is an example for w € B 



4,1 



u{ 



J1U1, 




The Wenzl-Jones projector WJ n is a product of terms of the form (id + eiSk/Sk+i) and therefore its expan- 
sion contains words e^e^ . . . e^ in the (n— 1) first generators of EPTLpj. The identity id, that is the empty 



IS 



word, occurs with a factor one. The removal of the bubbles that do not cross the boundary in w € Bjf gives 
a state in B d '^ 2r . But the non-empty words e^e^ . . . e^ cannot create new bubbles, they can only move 
them around. So these words either act as zero or give, up to a constant, a vector in B d 'T 2r with r' < r. 
Thus U(w) = w + w' where w' is a linear combination of vectors in the B^f s with r' < r. The matrix 
Uff representing the linear transformation U in the basis Bfj, ordered with increasing rs, is therefore upper 
block triangular with identity matrices along the diagonal. For As where the projectors WJ exist, the matrix 
U exists, is invertible and U{Bfj) = {U{w)\w £ Bfj} is a basis of V$. The matrix elements of [/$• depend 
on /?, through A, and on v. If N is even and d = 0, some words of WJ may close non-contractible loops and 
a may also appear. 

Here are the new bases of the three V$ for N = 4: 



u{Bl) = { r\ <~> , /7T\ , 



U(B\ 



{1U.U1 




{1111}. 



The Gram matrix is much simpler in these new bases for the VAs 



Proposition 4.1 For w t e B d t f 1 ,w 2 e -B^ 7 " 2 



(U(W 2 )\U(W 1 )) G = S rur2 K d , ri (C(W 2 )\C(W 1 )) V G , With K d , r = (/ r |^+2r^ r )G, 

where w d ' r is the (unique) link state £ B d 'Z 2r and v = (1, ..., 1, u, ..., u, 1, ..., 1). 



(22) 



Proof The only states W3 that can potentially satisfy (iV3\L((wi))o 7^ are those in Vft. This is why w\ 
and W2 have been taken with the same number of defects. 

What happens if we calculate explicitly (U(w2)\U(wi))g'? If n. > ^2, in the Gram diagram, WJd+2r x has 
more entries than WJd+2r 2 and some entries of WJd+2r 1 are necessarily connected pairwise by some (non- 
boundary) bubbles of the original u>2- From the property (i) of the WJ projector, the result is zero if ri > r 2 , 
so we restrict our study to n = r 2 = r. Two scenarios may occur for the diagram Dg(U(u)2) ,U(wi)) . 

In the first, the bottom d + 2r points of the top projector are not all connected to entries of the bottom 
projector. If this happens, the top WJ has some of its N points connected to non-boundary bubbles and the 
result is 0, by the same argument used above for n 7^ r 2 - Under these conditions, (C(w2)\C(wi)) G vanishes. 
Indeed, the bubbles connecting entry points of the Wenzl- Jones projector, say in bt(wi), now connect two 
defects of C{wx) in Dg(C(w 2 ),C(wi)) and the result is zero. 

In the second scenario, the d + 2r entries of the top Wenzl- Jones projector coincide with those of the 
bottom one. Then the pattern of contractible bubbles is the same in Dg(U(w 2 ),U(wi)) and Dg(C(w 2 ),C(wi)) 
and the corresponding factors of /3 are equal. Let us then concentrate on the d defects and r boundary bubbles 
of each diagram. The d + 2r corresponding entries of the diagram Dg(U(w 2 ),U(wi)) start, from the top, 
as a state with d defects and r boundary bubbles, that is w d,r , go through two copies of the Wenzl- Jones 
projector WJ d +2r and then connect with a second w d,r , as in the following example, 
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(«("> rf~k 1 1 <-)|W("k 1 rf~k 1 rf-)) ( 




f 2 ^2,l, 



where properties (ii) and (iii) of the W J projector were used at the second equality. The product (U {w% ) \U{w{))g 
is thus (3 nfl v A K ( i l r for some A, and with K d , r given by 

K dtr = (w d ' r \WJ d+2r w d ' r )G- 

For a given configuration of the WJ projector, each defect i will contribute a factor v Ai+A * to the total 
weight, where A^ is the displacement of the defect i + r in the diagram Dg(C(w 2 ),C(wi)) and A^ depends 
upon the configuration chosen for the WJ projector. Defects 1 to r and d+r+1 to d+2r in Dg(C{w2) ,C(wi)) 
correspond to boundary bubbles of the original diagram Dg(U(w2) ,M{wx)) and must contribute v , which 
justifies our choice of v in (C(w2)\C(w\))q. For example, the diagram above has a twist factor of v 2 which 
is exactly the twist one finds in computing 

(CU <~> 1 1 <-)|c(-> 1 <~> 1 <■)>£ = (1 <~> 1 1 111 1 <~> 1 1)1 = v 2 

with v = (1, v, v, 1) and where Ai = 2 and A 2 = 0. The factor v^i Ai will depend on the choice of 
configuration of the projector WJ and will be accounted for in the computation of -£Q,r- This will be 
apparent in section T4.3I The product (U(w2)\U(w\)) g is thus given by K^ r {C{w2)\C{w\)) G , as given in the 
proposition. □ 

For d = 0, the dependence on a is hidden in the constant Kd, r , while for d > both Kd. r and 
(C(w2)\C(wi))q have a v dependence. The calculation of Kd, r will be done in section l4~3l But we can 
already sum up the simplification afforded by the new basis. 



Corollary 4.2 



(N-d)/2 



det<?l= I] det(^+ 2 '-)< n 



d+2r\ r^dirnV,, 



(23) 



r=0 



Proof For the proof, we calculate the matrix Tfj — (U^^GffU 1 ^, whose matrix elements are given by 

(T d N U, W2 = (U(w 2 )\U(w 1 )) G . 



Because Ufj is upper triangular and has only Is on the diagonal, detS^y = detT^. In the previous proposi- 
tion, we have found T%\y-d,r — KdrGiv r ' v ■ But detQ N r ' v is independent of v and given by (fl"5j). and this 
completes the proof. D 



Again examples are useful: 
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with Kt 



».= £■ 



K - 




K* 




The next section is devoted to the computation of Kd, r - 

4.3 The factor K d>r 

We construct recurrence relations for Kd :T and use them to find their values. For d = 0, Kq :T satisfies the 
relation 

K . r = Ko^ia 2 - 4C r 2 ) c f . (24) 

To show this, we sum over all configurations of the top diagonal row. Many of these have weight 0. All 
configurations with <{& give from property (i) of the WJ projector. Also, the top entries of the projector 
W3i r are of two types: those connected to the boundary at x = N + 1/2 and those connected to the boundary 
at x = 1/2. Configurations with <4> > connecting two entries of the same type also give 0. In the end, only 
two configurations have non-zero contribution: 



Ko, 




In the first term, a non-contractible loop is closed and a factor of a is added. Summing over the lower 
diagonal row and using the same arguments as before gives a unique contribution, and the result is 




o ,, 



SWSW-i 



Ko,r- 



In the second term, we use property (iv) of the WJ projector and find 





r—1 




2r-3 




Sir 



Ko,r- 



r-3 
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where we used 



<J» = -tlT< 



condition _ftT ,i = (a 2 — 4C 2 )4 L and find, finally, 



to obtain the second equality. This concludes the proof of equation (|24[) . One can compute the initial 

'.S'2 



K , r = n 



fc=l 



02fc02fc-l 



(a 2 " 4Q 2 ) = [] 



^V-4C 2 ). 



fc=i 



'r+fc 



(25) 



The case d > depends on the twist parameter v = e v of which we must keep track when writing the 
recurrence relation 

K d , r = ^ r „ 1 (4cos 2 Af JV-4C r 2 +d/2 ) c 5r f r+d _ . (26) 



S2r+dS; 



+dJ2r+d-l 



The steps are otherwise similar to those of the case d = 0: 



A',, 



2r+d-l 




(27) 



Top entries of the projector are of three types: Besides the left and right boundary bubbles encountered 
before, they can also be connected to defects. Whenever <4? connects two entries of the same type, the result 
is as before. The connections of the first and second term of (f27|) are identical, but the weight due to the 
twist in the defects is not and remains to be computed. When computing twist factors, we must not forget 
that the original diagram has TV positions and that contractible loops can be present between the entries of 
the projector WJ. The first diagram provides a good example. Entries of the projector WJ are labeled by 
integers i = 1, . . . , 2r + d (defects occupy positions r + 1 to r + d) and correspond to some positions pi in the 
original diagram. In (|27|). the (d— 1) leftmost defects entering the projector WJ all connect two positions to 
the right of their entry point, so their contribution to the twist factor is v Pi ~ Pi+2 , for i = r + l,...,r + d— 1. 
The rightmost defect enters from the top at position r + d, moves right across the imaginary boundary, 
and then connects at position r + 2. Because the original diagram has N positions, this last defect con- 
tributes v Pr+d ~( N+Pr+2 K The total twist weight of the d defects of this first diagram sums to v~^ N+s \ with 
S = Pr+d+i — Pr+i- Each defect of the second diagram has the same entry and exit points, except for the 
leftmost defect that wraps around in the left direction. This defect gives the only contribution to the second 
diagram, namely v^ N ~ '. With these twist weights, contributions of the first and second diagrams combine 
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and give 




->l 


r \ 


2r+d-3 




T }/S^ 




£>2r+d-l X 


J 


CI ) 



.N 



S2r+d S2r+dJ \ S2r+d-l SW+d-l 

4 cos 2 {[iN)S r S r+d + (2C r+d/2 S d/2 " 2 



K d 



S 2r +dS 2 



-K d ,r-\ 



r+d-1 



where we have summed over configurations of the lower diagonal row and computed twist weights as explained 
earlier. The last term in (|27p can be seen to give — {S 2r + d / S 2r + d -\)K d ^ r -i by the same argument as the one 
given for d = 0. A simple exercise using trigonometric functions shows that the two contributions sum up to 
equation pi?)) . Because the v s s have cancelled out, K d ^ r is independent of the positions of the contractible 
loops of the original diagram. With the initial condition K d $ = 1 , we find 



K,, 



n 

k=l 



SkSk+d 



s k 



~>2k+dS2k+d-l 



(4cos 2 (^A0 - 4C 2 k+d/2 ) = [] ir J M4cos 2 ( M A0 - 4C 2 +d/ 



fc=i 



Sr+d+k 



(28) 



4.4 The determinant of the Gram matrix 



The purpose of the previous paragraph was to compute the constants K dr . Note that the result 
Kd, r gives the expression (|25|) for _Ko,r if d is set to zero and 2 cos jjlN is replaced by a. 



for 



Proposition 4.3 The determinant of the Gram matrix is 



(N-d)/2 



detg d N = n (a 2 - AC 2 k+d/2 ) 



N 

N -d 



k=l 



(N-d)/2 

■'•)= n {(k+d/2){-k-d/2))) 
fe=i 



N 

N-d 



(29) 



foralld>0. In the second form (x) = (—u 2 ) x v N — (—u 2 ) x v N and, in the first, a — 2cos(/mN) — v N +v N 
for d > 0. 

Proof The result of the last section is 



llj=r+d+l "j fc=l 

Using flTSJl and (|2"3"]l. one finds 

(JV-d)/2-l (N-d)/2-r 

deto d N = n n (^ + 2, +fe+ i/^) dim<+2r+2fc 



fc=i 



(N-d)/2 I r r 

x n n^/^*w) n (« 2 - 4c . 



2 i 

k+d/2) 



r—1 \i— 1 



fc=l 



dim Kxr 
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The product of the factors (a 2 — 4C 2 +d , 2 ) yields 



I-d)/2 r 

n i> 2 

r=l fc=l 


-4C fc 2 +d/2 ) dim ^ = 


{N-d)/2{N-d)/2 

= n n (« 2 -4^ +d/2 ) dimv « +2r 

fc=l r=fc 
(N-d)/2 

= n (« 2 -4c, 2 +d/2 ) i: - dimv « 

(N-d)/2 (N-d)/2 

= n (« 2 -4^ 2 +d/2 ) dim ^ +2fc = n (« 2 
fe=i fe=i 



-4C 2 +d/2 )((^V0. 
One must therefore show that the rest is 1. For this, the order of products is inverted in each of the subfactors: 

(N-d)/2 r (N-d)/2 

r— 1 i= 1 i— 1 

(N-d)/2 2r+d /(JV+d)/2 i-d-1 \ / iV {N-d)/2 

n n <r"" - n n ch n n c* 

r=l j=r+d+l \ j=d+2 r=r0-d)/21 / \j = (JV+d)/2+l r=[(j-d)/2] 

j=d+2 J \j=(N+d)/2+l 

(N-d)/2-l(N-d-2r)/2 ,,,„,„ (N-d) /2-1 (N+d)/2+r+l 

n n «sr = n n ^^ 

r=0 fc=l r=0 fc'=2r+d+2 

^(^)/2L(fc-d-2)/2j _ d _ 2 \ / JV L(*-*-2)/2j „ te _ 2r _,_ 2 

n n s i n n n ^ ™ 

k=d+2 r=0 y yfe=(Ar+d)/2+lr=/c-l-(7V+d)/2 

(AH-d)/2 , (fc _ d _ 2)/2J 2fc _ 2r _ d _ 2 \ / JL Y .l(k-d-2)/2 i dim y2fc-_' ./ , 

TT S " J diml^, -TT o^r-=fc-l-(JV + d)/2 C1Im ^JV 

k=d+2 J \k=(N+d)/2+l 

'(N+d)/2 d _ x vd +2,\ ( N v («-d)/2 riimV d + 2s 

k=d+2 J \k=(N+d)/2+l 

<N-d)/2-l(N-d-2r)/2 <N-d)/2 (N-d)/2-k (N-d)/2 

. . . A„, ird + 2r+2k K _" "■ . " ,. ,,d + 2r + 2fc V . r^(N-d)/2-k ,. .,d + 2r + 2fc 

n n s t n = n n s t n = n 5 P =o n 

r=0 fc=l fe=l r=0 fc=l 

<N-d)/2 

fe=l 

It is then clear that everything cancels out. The second form in equation (|29|) follows from a straightforward 
trigonometric manipulation of the first. □ 

The second form of the determinant (|29|) shows that its zeroes all lie on curves (— u 2 ) 2x v 2N = 1 and that 
the structure of the action LOd depends only on the twist parameter through its 2iV-th power. This is related 
to the observation made in section [3TTI that the two actions on the XXZ models defined in [20] and here are 
tied by their parameter as e l{p — v 2N . The theorem 14.61 to be proven in the next section will go further in 
showing that these two actions are generically isomorphic to that of u>d on V^. 
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4.5 The determinant of I^(u,v) 

In theorem 13.31 we found that detlf f (u,v)detlf f (u,v~ 1 ) — detGfj with j3 = u 2 + u~ 2 , a = v N +v~ N and 
the twist parameter is v. In this section, we show how to calculate det/^,(u,w). 

We first introduce paths and the height function. The set Py of paths with endpoint y is the set of 
x = {#i, X2, ■•■, xn}, where each step Xi is either +1 or —1 and X)i=i x * = V- The height H(x) of a path 
x is H{x) — J2j=i hj with hj = Yll=i x i- Clearly H(x) = (N + l)y — Y2j=iJ x j- There are two natural 
bijections between B^ on the one hand and P^ or P_ d on the other hand. (See figured] for an example.) 
If w 6 Bfj, then B ± (w) is the path x — {xi 1 1 < i < N} where Xi is +1 if a bubble starts at i in w, and —1 
if a bubble ends at i. Finally, if position i is a defect, then xi = +1 in B + (w) and —1 in B~{w). For d = 0, 
23 + (w) = B~(w) = B(w). The fact that both B^ are bijections is straightforward. 



\fK\if? 



B+ - 





Figure 1: A depiction of the two bijections for a link state with A = 12, d = 2 and r = 2. The link state w has 
VM = {(2, 3), (6, 9), (7, 8), (11, 16), (12, 13)}, E (lJ )^ W 3~i = U, ^(B+W) = -2 and ff(fi-(«;)) = -24. 

Lemma 4.4 Let w e B d / . Then E( W ) 6 ^(«,)0" "«) = l(#(£ + H) + H i®~( w ))) + Nr - 

Proof We start by considering the case d = 0. For r = 0, every i and j forming a pair (i,j) € ^(w;) are 
in the range 1, ...,N. A bubble that closes at position +j (i.e. Xj = —1) contributes j to the sum — ^ixi, 
and one that opens at j (xj = +1) contributes —j. Therefore H{x) = Y^u j)(z^i w ){j — *)• For r > 0, some 
bubbles close at positions j > A and contribute j to ^V j)eib(w)U — but only j — N to H(w). For every 
one of these r bubbles, we must add to — Xw=i J x i a factor of A, which yields the correct result. 

For d > and r = 0, the J2(i j)eth(w) U~ *) nas contribution j for a bubble that closes at j, — j for a bubble 
that opens at j, and for a defect at position j. This sum is therefore —J2jJVj where y — (t/i, 3/2, ••-, Un) 
is a not a path of P^ or P^, but rather the yjS are in {1,0, —1} and obtained from w by setting yj = +1 
or —1 if a bubble starts or ends at j, and if a defect is at position j. In fact, y — ^(B + (w) + B~(w)) does 
this exactly. Finally, generalizing to r > is no harder than in the case d = 0. □ 

Theorem 4.5 The determinant of the linear map iff, expressed between the vectors of Bfj and the spin 
basis, is, up to a sign, 

{N-d)/2 ( N \ (N-d)/2 f N 

" '-k j TT /, . ,/„\ S^Jk. 



detlfj{u,v)= Yl (2ism(A(k + d/2)-^N)) K - 2 k '= \\ (fc + d/2) V — — k J (30) 



fc=i fc=i 

where v — e v 7 u = e lA ' 2 and A = n — X and, in the second form, (x) = (—u 2 ) x v N — (— u 2 )~ x V~ . 
Proof The Gram determinant allows for the following factorization: 

(N-d)/2 ( N \ (N-d)/2 ( N 

' N — d t _— _ / . \ N — d 



detQ%= Yl hism(A{k + d/2)-fiN)p 2 k ' [| hi sin (A(fc + d/2) + piN 



fc=i fc=i 



2(i 



and the proposition is that det lfj{u, v) is the first product and det lfj(u, w _1 ) the second. This is compatible 
with the symmetry v O v~ x that corresponds to [i <-> — fj,. In fact, det lff(u, v) is a polynomial in u and 
v (and their negative powers), and for each sin (A(fc + d/2) + fiN^j sin (A(fc + d/2) — fiN^j, one factor must 
contribute to det lfj(u, v) and the other to det lff(u, u" 1 ). To understand how they are distributed, we look 
at the u, v — > oo limit. From (|12[) . we find, in this limit, 

*&(«>)-►( n w 7 ' - *!* 07)10) =«i*^i« s (*.fl^(»)W-o^ n ct 7)i°)- 

It is easy to show that there is a one-to-one correspondence between states of the form ([\a j)c,i>(w) °7)|0) 
and the link states w € i%. Therefore, up to sign, 

det/& — > TT uWHI^m^nO'-^/i/^ 
with Xi = £ |^(«;)| = |B- |^ = (£S) ^ (31) 



2 

(N-d)/2 



2 



and 



^2= E E c?-*)= E E (M ff ( s+ H) + ^(s-H))+ivr) 

w£B% (i,j)&ip(w) r=0 agflV 

(N-d)/2 (N-d)/2 (N-d)/2 . . . . 

= Y, Nr\B d /\= Y, Nr\B^\= £ Ar ( f „_? J - ( „_/ 



r=0 r=0 r=0 



2 / \ 2 



r- 1 



(JV-d)/2-l 

c— n \ / 



where, for ^2, the second equality follows from lemma 14.41 For the third, we used the fact that 

J2 (H(B + (w))+H(B-(w)))=0. (33) 

w(kB% 

Indeed, in terms of paths, this sum can be rewritten as ^2seP N uP N H(x). The sum is thus over all paths 
using edges drawn in Figure [21 a step in the north-east (south-east) direction corresponding to a positive x, 
(negative xi). Paths in P d reach the upper dot, those in P_ d the lower one. Because the shaded domain is 
symmetric under a horizontal mirror, each path x £ P d has a partner — x £ P_ d such that H(x)+H(—x) = 
and the sum is 0. We now compare this result with the limiting behavior of the proposed det I ff(u, v). For 
u, v — > oo, 

(N-d)/2 f N 



,2k+dN_(_,\d n -2k-d n -N\\^~k) , al X'X' 



detI d N (u,v) = fj (u 2k+d v N - (-l) d u- 2k - d v- N ) 



fc=l 



u" x v 2 , 

u,v— ^oo 



up to a sign. The constants X[ and X' 2 are 

(N-d)/2 , (N-d)/2 . N (JV-d)/2-l 

x[= E (2k+d)( E J_X x>= y N [Nj- k )= E *' 

fc=l ^ 2 ' fc=l ^ 2 ' s=0 

X2 already coincides with X2 and a simple exercise with combinatorial coefficients shows that X\ and X[ 
also do. Any other choice of distribution of the factors sin (A(A;+d/2)±/zJV) between lff(u, v) and I%{u, v~ r ) 
would have changed either X[, X' 2 or both, and the choice in (|30|) is the only possible one. □ 
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N-d 
2 



d ■■ 




Figure 2: The domain containing all paths in the sum f|33[) . 



Let u — e 1 ^ A -*/ 2 and v = e v be fixed. A pair (N, d) is critical if it belongs to 

{(JV, d) | sin (A(fc + d/2) - iaN) = for some k,l<k<(N- d)/2) . 

Clearly the criticality of (N, d) depends on fj, and A and the matrix iff (or the map iff) is singular if and 
only if (N,d) is critical. Equivalently, for N and d fixed, the map iff(u,v) is singular if and only if the 
point (u, v) lies on one of the critical curves defined by (k + d/2) = (—u 2 ) k+d ' 2 V N — (_ M 2 )-( fc + d / 2 ) w - jv = q, 



1 < k < (N - d)/2. 

Theorem 4.6 Let u = e lX l 2 and v = e v be fixed. The map r : £PTL N (/3,a 
by e.% >-> e~i and il ±x \-t $7 ±:L is a representation of £PTLjv(/3,a) with (3 



-> 



u 2 + u 



End((C 2 )® N ) defined 



and a = v + V 



-N 



Moreover, if (N, d) is not critical, then iff : Vjy 
£PTL N (/3,a). 



(C 2 ) 5 



\S z =d/2 



is an isomorphism between modules over 



Proof We left out in section [3] the question of whether the matrices e^s and £l verified equations dTO 



and dlTJ. Clearly the matrix elements of ((ft^ejv)^ -1 - fl ±N (fl ±1 e N )) and (Efl^E - (v 



N 



-N 



m 



polynomials in h,u l ,v and v 1 . For all non-critical values of (N,d), these matrices are zero since then 

o ±x o {iff)- 1 on (C 2 )® N \ (See the end of section E21) Since the critical 



±i 



l N 



=d/2 



det Iff ^ and Q 

conditions A(fc + d/2) — fiN E 7rZ represent a finite number of surfaces in the parameter space (C x ) 2 of 
(it,i>), then these matrices with polynomial elements vanish everywhere. So equations (|10j) and (|11|) and all 
other defining relations are verified by the e^s and f^ 1 . The fact that iff is an isomorphism of modules 

□ 



follows from the previous discussion and theorem 14.5 



2<s 



5 Conclusion 

Two representations of the enlarged periodic Temperley-Lieb algebra £PTLjf{j3,a) were studied in this 
paper: the link representation u!d for the loop models and the representation r for the XXZ spin chain. 
The representation u>d plays a role in Fortuin-Kasteleyn models and logarithmic minimal models, depends 
upon a twist parameter v and is labeled by the number of defects d. The representation r of the XXZ 
models is constructed from spin modules, depends upon two parameters u and v and is a direct sum of 
smaller representations acting on given eigenspaces of the total spin S z . The main result of this paper is the 
construction of an intertwiner iff between the representation u>d and the restriction of the representation r 
to S z = ~, with (3 = u 2 + vT 2 and a = v N + v~ N . 

Properties of iff were studied through its relation with the Gram matrix Qff, given by theorem 13.31 The 
critical condition for the pair (N,d), namely that sin(A(fc + d/2) — [iN) be zero for some k, can be used to 
define criticality for pairs (u, v) if the pair (N, d) is fixed. The determinant of the transformation is then 
found to be non-zero except on a finite number of critical curves in the (u, v) plane. If (u, v) is not critical, 
iff is an isomorphism between link and spin modules and any element of £PTLj\[((3,a) will have identical 
eigenvalues in both representations. The solutions of algebraic equations depending on a complex parameter 
are known to be holomorphic on C except at a finite number of points [31] . This analyticity in one parameter 
(say u, the parameter v being kept fixed) allows one to extend this coincidence of eigenvalues to the critical 
cases. The intertwiner iff may also be able to probe the Jordan structure of the transfer matrices in the 
representation Ud- 

In lattice regularizations of logarithmic minimal models, the transfer matrix Tn(\,(i) and Hamiltonian 
H are expected to have non-trivial Jordan structures. One way to identify logarithmic theories is thus to 
search for Jordan cells arising in finite lattice models. For the representations LOd, our calculation of the 
determinant of the intertwiner gives some insight on the possible existence of Jordan cells for u>d{T-l)- If a, j3 
and v are such that the pair (u, v) is not critical, the matrix uid{c) and the restriction of the matrix t(c) to 
the sector S z — | are related by a similarity transformation for any c G £PTLn((3, a). Because H = t(H) 
is hermitian and diagonalizable if u and v are on the unit circle, uJd('H) may only have Jordan cells if the 
the pair (u, v) is critical. One may then ask in which representations and for which values of a, (3 and v the 
Jordan cells appear. We will return to this question in [32] . 
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